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Abstract 

For the current realization of the quantum affine algebras, Drinfeld gave a simple comultiplication 
of the quantum current operators. With this comultiplication, we study the related vertex operators 
for the case of Uq (~ln) and give an explicit bosonization of these new vertex operators. We use these 
vertex operators to construct the quantum current operators of Uq (~ln) and discuss its connection 
with quantum boson-fermion correspondence. 
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1. Introduct ion 

Discovered by Drinfeld [Dr 1] and Jimbo [J 1], Quantum group as a Hopf algebra presents 

a new structure in both mathematics and physics. One of the fundamental features of  this 
structure comes from its comultiplication, which is basically related to all the new concepts 

in this structure, such as R-matrix, etc. The most widely used comultiplication is given 

with the definition of  a quantum group by the basic generators and the relations based on 

the data coming from the corresponding Cartan matrix. However, in the case of  quantum 

affine algebras, there is a neglected aspect of  the story. In this case, Drinfeld presented 

a different formulation of  quantum affine algebras with generators in the form of current 
operators [Dr3], for which he proposed another comultiplication formula [DF1] based on 
the current formulation. The fundamental feature of  this comultiplication is its simplicity, 
as opposed to the comultiplication formula induced from the conventional comultiplication 
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which simply cannot be written in a closed form with these current operators. However, 

this new comultiplication is seldom used beyond its definition. We propose to use this 

comultiplication formula to study the vertex operators coming from such a comultiplication. 

In this paper, we will first study the vertex operators for the fundamental representations 

at the level 1 for the case of Uq (~[n). Using the Frenkel-Jing construction of level 1 rep- 

resentations of Uq (~'[n) and the conventional comultiplication, the Kyoto group [DFJMN, 

DO, Ko] studied the related vertex operators and its application to XXZ model in statistical 

mechanics. They obtained the bosonization of the vertex operators, which is partially incom- 

plete because the bosonization can be done only for one component of the vertex operators 

while the rest are implicit. With the new comultiplication, we give a complete and simple 

formula for the related intertwiners. In the classical case, these vertex operators are the 

corresponding Clifford algebras, from which we can reconstruct the level 1 representations, 

otherwise called spinor representations. This gives the boson-fermion correspondence IF1, 

Dil]. With the new formula of the vertex operators, which can be interpreted as the deformed 

fermions, we recover the current operators of Uq (Sin). 
The main paper contains two sections. In Section 2, we will present the basic definitions 

and prove the new comultiplication formulae. In Section 3, we will present the Frenkel-Jing 

[FJ] construction and present the explicit formulas for all the corresponding vertex operators. 

We will also give some formulae of the construction of the quantum current from these vertex 

operators and discuss its connection with quantum boson-fermion correspondence. In this 

paper, we will restrict ourselves to the case of Uq (~[n). The extension of these results to 

other cases is straightforward and will be the subject in a subsequent paper. 

2. Drinfeld comultiplication 

The first definition of quantum groups as a Hopf algebra given by Drinfeld [Drl] and 

Jimbo [J1] is given in terms of basic generators and relations with corresponding Cartan 

matrices. For the case of quantum affine algebras, Drinfeld gave a realization in terms of 

operators in the form of current [Dr3]. We will first present this realization for the case of 

Uq(~ln). 
Let A = ( a i j )  be the Caftan matrix of type An-1. 

Definition 2.1. The algebra Uq (~ln) is an associative algebra with unit 1 and the generators: 
tpi(-m), ~i(m), xi~(l), for i = i . . . . .  n - 1, l e 7/and m e 7]>0 and a central element c. 
Let z be a formal variable and x/~ (z) = )--~.tcz x~ (/)z -I, ~oi (z) = Y'~me-~->_o ~oi (m)z-m and 
~i (Z) = Zrn6Z>_o l~i (m)z -m. In terms of the formal variables, the defining relations are: 

~Oi (Z)~Oj (W) : ~j (W)Cpi (Z), 

aPi (Z)~j (W) ~- ~j (W)~j (Z), 

~ i  (Z)  l~rj ( ~ 0 ) ~  i (Z)  -- 1 l~rj ( W )  -- 1 __ 

~Oi (Z)Xfc(W)~i (Z)  - 1  

gij (z/wq-C) 
gij (z/wq c) ' 

= gij (z/wqTC/2)+lxf(w), 
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~ti (Z)X? (u))~ti (Z)- 1 _~_ gij (w /zq:FC/2) q: IX? (11)), 

[X?(Z),  X; (W)] --  ~i,j , _----~-~ {3(z/wq -c)~] i (wq c/2) -- ~(z/wqC)q)i (zqC/2)}, 

(Z, -- q+aijw)xi:t:(Z)X;(W) = (q:t:aiJz -- w)xf:(W)X?(Z) 

[x? (z ) ,x? (w) ]  = 0 for aij ---- O, 

x~(Zl)Xi~(z2)xf:(w) - (q + q - l ) x ~ ( Z l ) ~ ( w ) x i i ( z 2 )  + ~ ( w ) x ~ ( Z l ) X i i ( z 2 )  

+{Zl  <-">Z2} = 0  foraij = - -1 ,  

where 

qaij z 1 
S(Z) = E Z k, gij(Z) -- -- about z = 0. 

k~Z~ Z -- qaij 

In [Dr3], Drinfeld only gave the formulation of the algebra. If we extend the conventional 

comultiplication to these current operators, the result would be a very complicated formula 
which cannot be written in a closed form with only these current operators. However, 

Drinfeld also gave the Hopf algebra structure for such a formulation in an unpublished note 
[DF1]. 

Theorem 2.2. The algebra Uq(~in) has a Hopf algebra structure, which is given by the 
following formulae. 

Coproduct A: 
(0) A(qC/2) --_ qC/2 ® qC/2, 

(1) A(x+(z))  = x+(z) ® 1 +~oi(zqC'/2)®x+(zqC~), 
(2) A(x[-(z)) : 1 (9 xZ(z)  + xZ(zq  c2) ~ ~i(zqC2/2), 
(3) A(q)i(Z)) = ~oi(zq -c2/2) @ q)i(zqq/2), 
(4) A(~ei(Z)) = Oi(zq c2/2) (D ~i(zq-Cl/2), 
where qq/2 __ qC/2 ® 1 and q c2/2 -- 1 ® qC/2. 

Counit s: 

e(qC) = 1, 8(q)i(z)) = e ( ~ i ( z ) ) =  1, 

Antipode a: 
(0) 
(1) 
(2) 
(3) 
(4) 

a(qC) = q-C, 

a (x + (z)) = -@i (zq - c / 2 ) - l x ?  (zq -c), 
a (x[- (z)) = --x 7 (zq-C) ~i (zq-C/2)- 1, 

a (g)i (Z)) = q)i (Z)-  1, 

a(@i(z)) : I~i(Z) - I .  

s(xi~(z)) = O. 

It is therefore clear that the comultiplication structure requires certain completion on 
the tensor space. For certain representations, such as the n-dimensional representations of 
Uq (~[n), which will be presented in Section 3, this comultiplication may not be well defined. 
Nevertheless, in the case of any two highest weight representations, this comultiplication 
is well defined and is already used in [DM] to study the poles and zeros of the current 
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operators for integrable representations. We will further present the proof for Theorem 2.2 
for the case of Uq (~12). However, this proof should be completely attributed to Drinfeld 
[DF1]. 

(1) 
(2) 
(3) 
(4) 
it is clear that 

Proof of Theorem 2.2 (for the case of Uq (~12)). For the comultiplication above we have 
that 

A(X+(Z)) = x+(Z) ~ 1 q- ~Ol (zq cl/2) ~ x+(zq c' ), 
A(XI  (Z)) = 1 ® x I  (Z ) + X l  (Zq c2) ® gt 1 (zqC2/2), 
A (@l (Z)) = @l (zq-C2/2) @ q91 (zqC~/2), 
A(~I  (Z)) = ~Pl (zq c2/2) ® ~1 (zq-Cl/2). 

Then 

Atpl (z)A~I (W) = At/) 1 (t0)A~01 ((Z), A~I(Z)Alpl  (W) = A~l  ( w ) A ~ I  (Z)- 

Aqgl ( z )A~I  (w) A~01 (Z) -1 Alpl (W) -1 

= ~01 (zq-C2/2)lp 1 (wqC2/2)gOl (zq-c2/2)-11~ 1 (wqCZ/2)-1 

q91 (zqCl/2)~ 1 ( wq-Cl/2)q)l (zqCl/2)-1 ~1 (wq-Cff2) -1 

gl I (z /wq -cl q-CZ) gl 1 (z/wq-CeqCl ) 
gll(Z/wqC~q -c2) gll(Z/wqCZq cj) 

gll  (z/wq-Cl-c2) 
g l I (z /wq cl +c2) " 

z~ol (z)zax+ (w)za~ol (z) -I 

= ~Ol(Zq -c2/2) ® tpl(zqCl/2)(x+(w) ® 1 + ~01 (wq cl/2) ® x+(wqCl)) 

(~01 (zq -c2/2) @ ~01 (zqCl/2) ) -1 

= gll(Z/Wq-(Cl+C2)/2)(X?(W) ~ 1 + ~Ol(Wq cl/2) @X+(wqCl)). 

Aq)l (z)Ax? (tO) A~01 (Z) -1 

= q)l (zq -c2/2) ® ~Ol(Zqcff2)(1 ® Xl(W) + Xl(Wq c2) ® ~1 (wqC2/2)) 

X (g)l(Zq -c2/2) ~ gOl(zqCj/2)) -1 

= 1 ® Xl(W)gll  (z/wq-(Cl+C2)/2) -1 

+ X 1 (wq c2) ® ~Pl (wqCZ/Z)gll(Z/wq(C~-3c2)/2)-1 gll  (z /wq (c1-3c2)/2) 
gll (z /wq (c~+c2)/2) 

= AXl(W)gl l  (z/wq(Cl+Cz)/2) -1. 

The relation between A1//1 (Z) and Axe: (w) can be proved in the same way demonstrated, 

[z~xl+(z), zax~-(w)] 
= [Xl+(Z) ® 1 +qgl(zq ca~2) ®x+(zqC'), 1 @Xl(W ) 

+ x I (wq c2) ® lltl (wqC2/2)] 

= [x+(z) ® 1, Xl(Wq c2) ® lPl(wqC2/2)] 
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+ [(Pl (zq c'/2) ® x?(zq q ), 1 ® Xl(W) ] 

+ [q)l (zq °/2) ® x+(zq q ), Xl(Wq c2) ® 01 (wqC2/2)] • 

It is easy to show that the last term above is O, therefore we have that 

[ax~-(z), zaxi-(w)l 

( 8 ( z / w q  - q  -c2)~1 ( wq  cl/2+c2 ) - 6(z/wq c~ -c2)¢Pl (zqC'/2) ) ® ~Pl ( w q  c2/2) 
q _ q - I  

g)l (zq cl/2) ® (8(z/wq ct -c2)l/rl (tOq c2/2) -- (~(Z/toqCl+C2 )qgl (zqC2/2) ) 
+ 

q - q - ~  

6(z/wq-q-c2)~pl (zqC2/2+(c, +,'2)/2) ® ~Jl (zq -cl/2+(c1+c2)/2) 

q _ q - I  

8 (z/wq ° +c2 )qgl (zq --c212+(Cl +c2)/2) ® {01 (zqC,/2+(Cl +c2 )/2) 
q _ q l  

(z - q2w)Ax+ (z)Ax+ (w) 

= (z -- q2w)(x+(z) ® 1 + ¢pl(zq c'/2) ® x + ( z q q ) )  

x (x+(w) ® 1 + q)l (wq c'/2) ® x+(wq q )) 

= (q2z - w)x+(w)x+(z) ® 1 

( q 2 z / w _ : l  
+ (Z - q2w)gol(wq°/2)x+(z) ® x + ( w q  c') \ z / w  - q2 ) 

( q 2 z / w z l  - 
+ (z - q2w)x+(w)~ol (zq c'/2) ® x+(zqC~) \ z /w - q2 ) 

+ (q2z - w)q)l (wq°/2)qgl (zq °/2) ® x+(wq ° )x+(zq ° ) 

= (qZz - w)Ax+(w)Ax+(z  ). 

Similarly, we can prove the relation between A x -  (z) and A x -  (w). 
Let M be the operator from Uq (~[n) ® Uq (~ln) to Uq (~'[n) defined by the algebra multi- 

plication. We can check that M(1 ® s) A ---- id. 

M(1 ® a ) A ( x +  (z)) = M(1 ® a)(x+ (z) ® 1 + (pi(zq ° /2 )  ® x+ (zq c' )) 

= x + (z) -- qgi (zq c/2) (~oi (zq c/2 )) - I x+  (z) 

= 0 = e(x~+(z)). 

Similarly, we can check all the other relations to show that M(a ® 1) = s. Thus, we proved 
that the comultiplication, the counit and the antipode give a Hopf  algebra structure for 

Uq (-~12). [] 

Presently, there still exist a number of  open problems related to this new Hopf  alge- 
bra structure. One is whether this Hopf  algebra is isomorphic, as a Hopf  algebra, to the 

conventional Uq (~ln). 
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3. Bosonization of vertex operators 

n - 1  • Vector representation. Let V = ~ ) i = 0  Clt) be an n-dimensional space, where {li)} is its 

standard basis. Let Vz = V ® C[z, z - l ] ,  where z is a formal variable. 

L e m m a  3.1. There exists an n-dimensional representation of Uq ( ~[n) on V z. The action of 
the current operators is given by the following: 

X;(W)'lj) =Si j ' (~ iz  ) 'i--1), (1) 

(;) (2) x ~ ( w ) .  I J) = 8 i - l i~  Ii), 

q-I _ q(-i+l)w/z 
~oi(w). li - 1) = 1 - q - i w / z  li - 1), 

(3) ~ o i ( w ) . l i ) = q Z l ~ l - ~ / z / Z l i ) ,  cC[[w/z]],  

~ o i ( w ) . l J ) = l j )  ( j s ~ i , i - 1 ) ,  

q - q( i - l ) z /w  
~ i ( W ) ' [ i - -  1 ) =  1 - - q i z / w  l i--  1), 

(4) q-1  _ (i 
~yi(w) . Ii) = q~ +l)z/w Ii), 

1 - q ' z /w  

~i ( to ) .  l J) = l J) ( j  ~ i, i - 1), 
where we set ] - 1) = In) - 0. 

C[[z/w]], 

Let Ei j ( i ,  j = 0, 1) be the matrix elements such that Eij Ik) : ~kj Ii), let R(z /w)  be an 

operator on Vz ® Vw, which is defined as 

Eoo ® Eoo + El l  ® E l l  q'- E00 ® E11 
q - q - l z / w  

1 - z /w  

1 -- Z/W 
+ El l  ® EOOq_ 1 

- q z / w  

Proposition 3.2. Let x be an operator in Uq ( ~ 12), then on V z ® Vw, we have that R (z / w) A (x) 
= A ' (x)R(z /w) ,  where A' is the opposite comultiplication. 

Similarly, we can write the operator R(z /w)  for Uq (~[n), which is diagonal. 
Next, we will give the Frenkel-Jing construction of level 1 representation of Uq (~[n) on 

the Fock space. 
- -  n - - 1  Let Q = @j=l Zotj be the root lattice of din, A j  = A j  -- AO be the classical part of the 

ith fundamental weight. 
Let Heisenberg algebra be an algebra generated by {ai,k I 1 < i < n - 1, k 6 Y\{0}} 

satisfying 
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[(c~/, ~ j )k ] [k ]  
[ai,k, aj,I] = ~k+/,0 

k 

Now let us define a g roup  a lgebra  C ( q ) [ ~ ] .  Let  ~ be the weight  lat t ice of  ~ln. We fix our  

free basis  or2 . . . . .  o t ,_] ,  An-1. They sat isfy 

e~eC~J = ( -1)(~i '~J)e~Je  c~i, 2 _< i, j < n - 1, 

eC~ieA, I = (_ l ) ,~ i , , - l eA , - l e~ i ,  2 < i < n -- 1. 

Foro t  = m2ot 2 --}- . . .  -t-mn_lOtn_l -}-renAn-I, we set 

e o~ = em2Ot2 . . . e m n  IOtn-lemnAn I. 

Note that the fo l lowing  equat ions  hold: 

Ai = - o t i + l  - 2oti+2 . . . . .  (n - i - 1)otn-i + (n - i )An-] ,  

oq = --2ot2 -- 3ot3 . . . . .  (n -- 1)Otn-I + nA n- l .  

Put 

n - I  l 
Z [ m i n ( i ,  j)k][min(n - i, n - j)k]ajk, 1 < i < n, k ~ O. 

aik -- [k]Z[nk] j = l  

Then they satisfy 

[ai* k , aft] -~ Sij 6k +l,O ~ - .  

We define the Fock  space as 

~ /  :=C(q ) [ a j , _ i~ (1  < j  < n -  1 , ka7 />o) ]®C(q) [Q]e  ~i ( 0 < i  < n - l ) .  

The act ion of  operators  aj,k, Oo~j, e '~ (1 < j < n - 1, ot 6 Q) is given by 

e ~ = I aj,k f ® e #, k < 0, qf aj,k ® D 

I [ a j , k , f ] ® e  ¢~, k > 0 ,  

O,~ . f ® e~ = (ot, fl) f ® e ~ f o r f ® e / ~  6 5 r / ,  

e ~ . f ® e ~ = f ®e'% ~. 

L e m m a  3.3. Let 

aj'-k~qzk/2"k] exp aj,k qzk/2 -k]  
x~(z )  w-~exp[-4-k~>o-~-'i  ~ J  [qzk>~ o [k] '4 ~ je+"Jz±a~J +', 

~J(Z) l--~exp[ (q-q-I)Zaj 'kz-k]qO°9"k>O J 
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These give level 1 highest representations with the i th fundamental weight on .~. 

Definition 3.4. Vertex operators are intertwiners of the following types: 
(i) Type I t71)(i'i+l)(z) :.~/+1 ~ ~ / ®  Vz, 

(ii) Type II t]l(i'i+l)(z) :~ /+1  ~ Vz ® ~ i ,  
(iii) Dual of type I clb*(i+l'i)(z) :.~i ® Vz t---> ~/+1,  

(iv) Dual of type II tP*(iq-l'i)(z) : Vz ® .~'z ~ ~'i+1. 

Here the indices are considered modulo n. 

Set 

n-1 
¢~(i'i+l)(z) : E CI)) i'i+l)(z) ® I J) ,  

j=O 

C1)*(i-t-I'i) (z)(u ® I J))  : c1);(i+ l'i) (z)u, 

~*(i+l'i)(z)(lj ) ® u) : tP/(i+l'i) (z)u, 

n-1 
tI-I(i'i+l)(z) : E I J) ® tP(i'i+l)(z), 

j=0 

U E .~'/+1. 

The normalization of these operators is given by 
(i) (Aildp[i'i+l)(z)lAi+l) = 1, (Ail~i(i'i+l)(z)lAi+l) : 1, 

(ii) (Ai+llcl:'*(i+l'i)(z)lAi) = 1, (Ai+l]~i*(i+l'i)(z)lAi) = 1. 
We will first give the list of OPEs (operator product expansions), where we abbreviate 

the superscript of vertex operators. 
Type I, II 

(w) 
[cl)j(Z),X?(W)] : ~ i - l , j ~  ~ qgi(wql/2)cl)i(Z), 

¢9 (z)xF (w) = 

q -- q ( i - l ) z / w  _ 
- - - ' - ' : - -  X. (W)t~b/_I(Z) 
1 - ql z /w 

q-1 _ q ( i+l ) z /w  
xT (w)a~(z) 

1 - qi z /w 

q- ¢~ t~i- 1 (Z) 

x/- (w)~ (z) 

f o r j = i -  1, 

f o r j  = i ,  

otherwise. 

e~i(z)~oi(w) = 

q-1 _ q(-i+3/2)to/Z 
1 -- q(-i+l/2)w/z qgi(W)tJlbi--l(Z) 

q - q(-i-1/2)w/z 
1 ~ ~ o i ( w ) ~ i ( z )  

~i (W) t~j (Z) 

f o r j  = i -  1, 

f o r j  ----i, 

otherwise. 
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q - q ( i - l /2 ) z /w  
_q( i+l /2)z /w~i (w)c l ) i_ l (Z  ) f o r j  = i  - 1, 1 

• j ( z )~ i (w)  = q - I  _ q(i+3/2)z/w 
l _ q ( i + l / 2 ) z / w  ~ei(llA)(Igi(Z ) f o r j = i ,  

lpi ('W) (i~j (Z) otherwise. 

q- I  _ q ( - i+l )w/Zx+ 
(z) 

1 - q - i w / z  

(2) ~'j(z)x[(w) = + ~  ~'; (z) 

q(- i - I )W/Zx+(w)tPi  (z) for j = i, q 

1 - q - i w / z  

x + ( w ) ~Pj ( z ) otherwise. 

[lffj (Z), X? (W)]  : tSi,j3 Oi(wqJ/2)q/i-I (z) ,  

q-1 _ q(- i+l /2)w/z  
1 -- q~- i - l /2~w/z  ~oi(w)~-l(Z)  

~j(Z)gOi(W) = q -- q ( - i -3 /2 )w/z  
l ~ q g i  (W)q/i (z) for j : i, 

~oi (w) t/,j (Z) otherwise. 

I q - q(i-3/2lZ/w 
q(i_l /2)Z/w~i(w)kVi_l(Z ) f o r j  = i  -- 1, 1 

tl.tj(Z)~i(w ) ~_ q - I  _ q<i+U2)Z/w 
1 -- q(i-l /2)Z/W ~i(w)tPi(Z) for j ---- i, 

~O i ( w ) q/j ( Z ) otherwise. 

f o r j  = i -  1, 

f o r j  = i - 1, 

Dual  of  type I, II 

[ x + ( w ) , ~ ( Z ) ] - - ' 3 i , j S ( q ~ _ l Z ) ~ * - l ( Z ) ~ p i ( w q ' / 2 ) ,  

q __ q(i l ) z /w 
(I)i* I (Z)X? (W) 

1 - -  qi Z/W 

(5) +3 ~*(z) 
xT(w)~](z) = 

q - I  _ q ( i + l ) z / w  ~*  . . . . .  
": q'~i I,Z)Xi [11)) 

1 - -  ql Z/W 

~(z)xT(w) 

f o r j  = i - 1 ,  

f o r j  = i, 

otherwise. 
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q - 1  _ q ( - i + 3 / 2 ) w / z  • 
7 - _ f - q ~  C1)i-I(Z)~Oi(W) 

, - ' _  

~Oi(tO)(71); (Z) = q Z ~ c i ) , ( z ) ~ i ( w )  
1 - q - / z  

t~)f ( z )~ i (W)  

lohara/Journal of Geometry and Physics 23 (1997) 1-13 

f o r j : i -  1, 

f o r j  = i, 

otherwise. 

~fi(w)cl)j (Z) = 

q - q ( i - l / 2 ) z / w  , 
] ~ ~  t~)i- l (z)~ri(w) 

q - l  __ q(i+3/2)Z/w * 
1 ~ - q ~  Cl)i (Z)~ri(W) 

C19; (Z)~i  (W) 

f o r j  = i  - 1, 

f o r j  : i, 

otherwise. 

xi+ (w)~OT (z) = 

q- i  _ q ( - i + l ) w / z . , . ,  . . + . .  
1 -- q - i  w /z  ~ei_ltZ)X i tw) 

q -- q ( - i - l )w / z  
Iff i* (Z)Xk (W) 

1 - -  q-i  w/Z 

+ ~ tPi*- 1 (Z) 

~7(z)xi+ (w) 

f o r j  = i  - 1, 

f o r j  = i, 

otherwise. 

[x/-(w),  qs) (Z)] = ~i-l.j6 ~i*(Z)ff/i(wql/2), 

q - I  _ q( - i+l /2 )w/z~  * 
T ~  i-l(Z)~Oi(W) 

qgi(W)l[.r;(Z) = q -- q ( - i - 3 / 2 ) W / z  , * . . . .  
'e i tz)tPi tw) 

q'7 (z)~oi (w) 

for j - - i -  1, 

f o r j  = i, 

otherwise. 

~i (W) l f f ; (Z)  = 

q - q ( i - 3 / 2 ) z / w  , 
| ~ IPi--I(Z)~i(W) 

q - I  _ q ( i+l /2 )Z /w • 
7 - - q ~  I/ji (Z)I~ri(W) 

tI/; (Z)I/t i (W) 

f o r j  = i -  1, 

f o r j  = i, 

otherwise. 

R e m a r k .  We remark that two OPEs related to g'i (z)x 7 (w) and x + (w)~/* (z) are 

~(z)x;-(w) = xF(w)q,i(z), xi+(w)~7(z) = ~*(z)x~+(~). 

However, the two sides of  the equations are in different expansion directions, which implies 

that both sides have poles. These two equations will not degenerate the classical intertwiner 

relations when q : -  1. For this case, we impose the following locality conditions: 
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( ° )  1 [q' /(z),  x i - (w) ]  = o, 1 [ x+ ( w) ,  ~ * ( z ) ]  = o, qiT1 z qi~lz. 

which ensure that the degenertion of  these formulae is consistent with its classical degen- 

eration when q = 1. 

Theo rem 3.5. The vertex operators are given as." 

4~" (- = e x p  - Z a ~  kq3k/2(qjz) k + ~ a 2 + l _ k q k / 2 ( q j z )  k 
k>O k>O 

• ' - - ~ A  × e Aj-Aj+' (qj+Iz)~AAj (qJz) j+l (__ l)("-l)b~al (C)}, 

[ - 
qjj(i.i+l)(z) = exp - Z a2 kqk/2(qjz)k + Z aJ*+l kq-k/2(qjz)k  

k>O k>O 

x exp - Z a ~ k q - 3 / 2 ~ ( q J z )  -k + Z a [ + l k q - k / 2 ( q j z )  -k 
k>0 k>0 

• . - -0 -~A X e Aj-Aj+! (qj+lz)~J (qJz) J+' ( - - l )  (n I)/~A' (C)I, 

CI)*(i+l'i)" ~ I * 3/2k J k " ] j tz) = e x p  Z a j _ k q  (q z) -- Z a ] + j _ k q k / 2 ( q j z )  k 
Lk>O k>O / 

• _ ~ ) - ( ~ - l ) ~ A ~  x e -Aj+Aj+'(qJ+Iz) % ( q j ~ )  a j+l( - I  (c*)~, 

j tZ) = exp _kqk/2(qjz)  k -- ~ '* ,~-k/2 ~j+l-k'4 (q i z)k 
Lk>O k>O 

• - • ~ - ~ n - l ) ~  x e-AJ+AJ+'(qj+lz) ~Aj(qJz) 1+' (--1 (C*).I, 

where (c)j = ( - q ) j - i ( c )  I, (c*)j = (c*) I and 

(c)i = [(_l ) - (n-1)z](n- i - l ) /n(_l ) (n- i -1)(n  i - 2 ) / 2  

(c,)i = [(_l)n-I](n-i) /n[qnz]i /n(_l)(n-i)(n i I) /2 

Here • means dual. 

From this theorem, we can derive all the correlation functions of  vertex operators. We 

will give a simple example of  the case of  Uq (~12) to show what they are like. 
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Let v be the highest weigh vector in ~'0: 

(qZl/Z2; q4)oo 
(v, qb I 0,1) (Z2)~0(1,0) (Zl), v) = --q -1 (Zl/Z2) 1/2 (q3 Z l/Z2, qa)e~ ' 

1/2 3/2 (q4Zl/Z2; q4)~  
(v, ~0(0'I)(z2)~II'0)(Zl), V) = Z  1 Z 2 (q6Zl/Z2, q4) ~ ,  

where (z, p ) ~  = 1--[~(1 - zpm). 
With these vertex operators, we can derive the following formulae. 

Theorem 3.6. 
(1) • ( l ) ~ i - l l ' i ) ( z ) C I ) ; ( i + l ' i ) ( z )  : =  xi-(qiz) ,  

. . . .  (i-1 i) . . . . .  .(i+1 i), , _ q x + ( q i z )  ' 
(2) "/'i " I.z)wi_ 1 ' t z ) : :  
(3) : x+ (ql /2z)xT (q-1/ez)  :=  z2~i(z) ,  
(4) " x+ (q-l /2z)x~- (ql/2z) :=  z2~oi(z), 

With : • : is the normal ordering. 

In [Dil,Di2], we showed that the vertex operators in the classical case have the struc- 

ture of  Clifford algebras, which is used to construct representations of  ~|n. This is the 

boson-fermion correspondence. We also established a quantum version of  boson-fermion 

correspondence, where the quantum fermions are identified as vertex operators with the 

conventional comultiplication. However, the quantum boson-fermion correspondence is 

very implicit due to the incomplete formulae for intertwiners. With Theorems 3.5 and 3.6, 

the correlation functions of  all the vertex operators are clear. Utilizing all these results, we 

hope that we can present a different definition of  quantum Clifford algebras and derive a 

more explicit boson-fermion correspondence. Furthermore we recognize that our formulae 

may be related to the quantum W-algebras [AKOS,FF] especially the bosonization of  these 

algebras. 

Acknowledgements 

JD is supported by the grant Reward research (A) 08740020 from the Ministry of  Edu- 
cation of  Japan. KI is partly supported by the Japan Society for the Promotion of  Science. 

References 

[AKOS] H. Awata, H. Kubo, S. Odake and J. Shiraishi, Quantum WN algebras and Macdonald Polynomial, 
q-alg/9508011. 

[DO] E. Date and M. Okado, Calculation of excitation spectra of the spin model related with the vector 
representation of the quantized affine algebra of type A (1), Int. J. Modern Phys. A 9 (3)(1994). 

[DFJMN] B. Davis, O. Foda, M. Jimbo, T. Miwa and A. Nakayashiki, Diagonalization of the XXZ 
Hamiltonian by vertex operators, CMP 151 (1993) 89-153. 



[Dil] 

[Di2] 

[DF1] 

[DF2] 

J. Ding, K. lohara /Journal of Geometry and Physics 23 (1997) 1-13 13 

J. Ding, Spinor representations of Uq(.q[(n)) and quantum Boson-Fermion correspondence, 
RIMS - 1043, q-alg/9510014. 
J. Ding, Spinor representations of Uq (~(N)), to appear in LMP RIMS-1060, q-alg/9602021. 

J. Ding and I.B. Frenkel, Isomorphism of two realizations of quantum affine algebra Uq (.q[ (n ~1. 
CMP 156 (1993) 277-300. 
J. Ding and I.B. Frenkel, Spinor and oscillator representations of quantum groups, in: Lie Theory 
and Geometry in Honor of Bertram Kostant, Progress in mathematics, Vol. 123 (Birkhauser. 
Boston, 1994). 

[DM] J. Ding and T. Miwa, Zeros and poles of quantum current operators and the quantum intergrable 
condition, RIMS-1092. 

[Drl] V.G. Drinfeld, Hopf algebra and the quantum Yang-Baxter Equation, Dokl. Akad. Nauk SSSR 
283 (1985) 1060-1064. 

[Dr2] V.G. Drinfeld, Quantum Groups, ICM Proceedings (New York, Berkeley, 1986) pp. 798-820. 
[Dr3] V.G. Drinfeld, New realization of Yangian and quantum affine algebra, Soviet Math. Doklady 36 

(1988) 212-216. 
[FF] B. Feigin and E. Frenkel, Quantum )/V-algebra and elliptic algebras, RIMS-1027. 
[F1] I.B. Frenkel, Two constructions of affine Lie algebra representations and boson-fermion 

correspondence in quantum field theory, J. Funct. Anal. 44 (1981) 259-327. 
[FJ] l.B. Frenkel and N. Jing, Vertex representations of quantum affine algebras, Proc. Nat. Acad. Sci. 

USA 85 (1988) 9373-9377. 
[Jl] M. Jimbo, A q-difference analogue of U(,q) and Yang-Baxter equation, Lett. Math. Phys. 10 

(1985) 63--69. 
[Ko] Y. Koyama, Staggered polarization of vertex model with Uq (-~In)-symmetry, CMP 164 (1994) 

277-291. 


